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| , Abstract 

We introduce a class of induced representations of the degen- 
£NJ ■ erate double affine Hecke algebra 7i of g[jy(C) and analyze their 

structure mainly by means of intertwiners of Ti . We also con- 
' struct them from sl m (C)-modules using Knizhnik-Zamolodchikov 

■ connections in the conformal field theory. This construction pro- 

vides natural quotients of the induced modules, which correspond 
\ to the integrable s[ m (C)-modules. Some conjectural formulas are 

Q^ ■ presented for the symmetric part of them. 

Introduction 



cr. 
> 



In this paper, the representations of the degenerate double affine Hecke 
algebra 7i are discussed from view points of the conformal field theory 
associated to the affine Lie algebra sl m (C). The relations between the 
KZ-connections of the conformal field theory and the representations of 
the degenerate affine Hecke algebra was first discussed by Cherednik |]. 
And Matsuo || succeeded to clarify the relations between the differential 
equations satisfied by spherical functions and KZ-connections. 

At first part of this paper we discuss the properties of the parabolic 
induced modules of Ti, which are induced from a certain one dimensional 
representations of parabolic subalgebras of Ti. 

Secondly we will give an explicit construction of 7i-modules from 
sl m (C) modules through KZ-connections. It will be shown that these 7i- 
modules arising from Verma modules of sl m (C) correspond to parabolic 
induced modules of H. 

In the final part of this paper, we will discuss the structure of the 
representations of affine Hecke algebra arising from level t integrable rep- 
resentations of st m (C). 
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We describe the contents of the paper more precisely: 

In §1 we introduce basic notions about the degenerate double affine 

Hecke algebra TC. In particular, intertwiners of weight spaces of Ti play 

essential roles in the analysis of 7i-modules. 

In §2, we introduce parabolic induced modules and investigate their 

structure when the parameter is generic (Definition |2.4.1|) , and the results 

are these (Proposition |2.4.3| , Theorem [2.4.6| , Corollary |2.4.7|) : 



(1) The irreducibility of the standard modules are shown and their 
basis are described by intertwining operators. 

(2) Decompositions of the standard modules as 7Y-modules are ob- 
tained. 

(3) The symmetric part of the standard modules are decomposed into 
weight spaces with respect to the action of the center of H, and their basis 
are constructed again by using intertwiners. 

In non-generic case, we present a sufficient condition for an induced 
module to have a unique irreducible quotient (Corollary |2.5.4|) . 



§3 is devoted to some preliminaries on affine Lie algebras and in §4, we 
realize 7i-modules as a quotient space of a tensor product of g = sl m (C)- 
modules. More precisely, for g-modules A, B, we consider the space 

F(A,B) 

= (A® ®? =1 (Clzf 1 } ® C m ) <g> B) I ^ [A <g> ®? =1 (C^f 1 ] ® C m ) ® B) , 

where C[zf x ] <g> C m is an evaluation module of g and g' = [g, g] acts diag- 
onally on the tensor product. By combining the Knizhnik-Zamolodchikov 
connection with the Cherednik-Dunkl operator, we define an action of 7i 
on J 7 (A, B) (Theorem ggg ). 



In §5, we construct the isomorphism between a parabolic induced mod- 
ule and .M(/i, A) := jF(M(/i), M*(A)) for highest and lowest Verma module 
M(n) and M*(A), A and /i being weights of g (Proposition |5.2.3|) . 

Since our construction turns out to be functorial, V(/i, A) := 
^-"(L(/i), L*(X)) gives a quotient module of -M(/i, A), where L(/i) and £*(A) 
are the irreducible quotients of M(/x) and M*(A) respectively. We focus 
on the case where A and /i are both dominant integral weights and study 
about V(/i, A). 

In the last section §6, we focus on the symmetric part of V(/i, A) for 
dominant integral weights A, fi, and present a description of the basis by 
intertwiners (Conjecture |6.2.(j| ) as a consequence of the character formula 
(|85|), which is still conjectural since it is proved under the assumption that 
a certain sequence of 7i-modules (coming from BGG exact sequence of g) 
is exact (Conjecture |6.1.1| ). 



It is interesting that character formula (|85|) also appears in the theory 
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of the solvable lattice model HID . 



Preliminaries 



In this section, we review the basic notions about the degenerate double 
affine Hecke algebra 7i. 

1.1 Affine root system 

Let t = Ce^ be the Cartan subalgebra of qIn(C) with the invariant 



algebra gl N (C) by t = t © Cc © Cd. Extend the non-degenerate invariant 
symmetric bilinear form (, ) to t by putting (c, d) — 1 and (q, c) = (e^, d) = 
(c, c) = (d,d) = 0. Let t* = Q)f =1 be the dual space of t and t* = 
t* © C5 © Cc* be the dual space of t, where S and c* are the dual 
vectors of e/, d and c respectively. We often identify t* with t via the 
correspondences q i— > eV, 5 i— > c and c* ^ d. Let £ v G t denote the vector 
corresponding to ( G t*. 

Define the systems R of roots, R + of positive roots and II of simple 
roots of type A^_ x by 

R = | a + kd | a G fc G z} , 



n = {« :=5-( ei - ejv )}un, 

where .R, _R + and IT are the systems of roots, positive roots and simple 
roots of type A^-i respectively: 



1.2 Affine Weyl group 

Let t' = tffi Cc C t. We consider the dual space (t')* of i' as a subspace of 
t* via the identification (f )* = t*/C5 = t* © Cc*. 
Let Q be the root lattice 0^7 1 an d 

P be the weight lattice 0^ Zej. Let be the Weyl group of gl N (C), 
which is isomorphic to the symmetric group &n. The affine Weyl group 
W is defined semidirect product 



bilinear form (e/, 



) = 5ij. Define the Cartan subalgebra t of the affine Lie 




R = {d!y = €i -€j \ j} , 

R+ = {aij \ i<j}, 

IT = {«!,..., a N -i} (aii = au + i). 



W = W xP, 
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(2) 



with the relation w-t v - w' 1 = t w ^ , where w and t v are the elements in W 
corresponding to w G W and 77 G P respectively. The group W contains 
the affine Weyl group W a = W x Q of type A^_ x as its subgroup. 

Let s a G W be the reflection corresponding to a G f2. The action of 
W on an element £ G t is given by the following formulas: 

s a (0 = £ - «(£K m 
t„(0 = £ + W - + v) 2 m) c (veP). U 

The dual action on t* is given by 

s a (C) = C - («, C)« (a G i?, ( € t*) , 

t v (0 = C + (S, Cto - ((17, + 1(?7, ^ 0) 5 (v e A C G t* 

With respect to these actions, the inner products in t and t* are W- 
invariant. The action (0) preserves the set i? of roots. 
The following action on (t')* is called the affine action: 

s a (C) = C-(a,C)a («Gi?,CG(t')*), 

^(C)=C + (<U>7 (?7 G P, C G (t')*) ■ U 

For an affine root a = at + kS (at G R, k G Z), define the corresponding 
affine reflection by s a = t_ k5l -s & . Set s, = s ai for i = 0, . . . , N—l. We often 
identify the set {0, . . . , N — 1} with the abelian group Z/NZ throughout 
this article. Let 7r = t ei ■ si • • • sjv-i- The following is well-known. 

Proposition 1.2.1 The group W is isomorphic to the group defined by 
the following generators and relations: 

generators : Si (i G Z/iVZ), n^ 1 , 
relations : = 1 (i G Z/iVZ), 

5^ • Sj+i • Sj = s i+1 ■ Si ■ Sj+i (i G Z/NZ), 
Si ■ Sj = Sj - Si (i — j ^ ±1 mod AT), 
7T • Sj = Si + i • 7r (z G Z/NZ), 

71 ■ 7T _1 = 1, 

and £/ie subgroup W a is generated by the simple reflections sq, . . . , Sjv-i- 
In particular, 

W = VLKW a , 

where Vt = (tt ±1 ) = Z. 

For w G VF, let S(w) = R + fl io -1 (iiL), where _R_ is the set of negative 
roots R\R + . The length l(w) of w G W is defined as the number §S(w) 
of the elements in S(w). For w G W , an expression w = 7r fe • • ■ ■ Sj m is 
called a reduced expression if m = l(w). Put S(w) = S(w) fl R + . 
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Remark 1.2.2 The elements of the abelian subgroup f2 are characterized 
as elements of length in W , i.e., Q = {w G W \ l(w) = 0}. 

The partial ordering ^ called the Bruhat ordering is defined in the Coxeter 
group W a : w z< w' if w can be obtained as a subexpression of a reduced 
expression of w'. Extend this ordering ^ to the partial ordering in W by 
n k w ^ ?r fc w' k = k' and w ^ w' (w,w' G W a ). 

1.3 Degenerate double affine Hecke algebra 

Let C[W] denote the group algebra of W and S[H) denote the symmetric 
algebra of t'. Clearly C[W) = C[P) ® C[W) and S[t'] = S[t'] <g> C[c). 

The degenerate double affine Hecke algebra was introduced by Chered- 
nik(i). 

Definition 1.3.1 The degenerate double affine Hecke algebra (DDAHA) 
7i is the unital associative C-algebra defined by the following properties: 

(i) As a C- vector space, 

n 9* c\w\ ® s[0\. 

(ii) The natural inclusions C[W] H and S[t'] TC are algebra homo- 
morphisms (the images of w G W and £ G t' will be simply denoted by w 
and £). 

(iii) The following relations hold in 7i: 

8i- £- Si(Z) -8i = (i = 0,...,iV-l,£eC), (4) 

7r-e = 7r(0-7r (£Gt')- (5) 

Remark 1.3.2 .Efy definition, the element c G 7i belongs to the center 
Z{7i). And the original algebra defined in [l[ is the quotient algebra 
H(k) = H/(c-k- id ) (k G C*). 

Definition 1.3.3 Define the degenerate affine Hecke algebra (DAHA) "H 
as the following subalgebra ofTi: 

n = ( w e W,£ g t) ^ C[W] ® S[t]. 
The following proposition is easy to prove (see 0). 
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Proposition 1.3.4 (i) For w G W and £ G t' , we have 
t-w = wl-w-\0+ E «>(a)(Os«) • 

In particular, 

£-w = w- + E C ">' W '' 

/or some cv G C. 

(ii) For p G 5[t'] and i — 0, . . . , N — 1, we have 

P • Si - Si ■ Si(p) = -Ai(p), (6) 
where Aj(p) = X{p - s^p)) G £>[£']. 

(«,' g Note that H = S[t'] -C[W} = C[W] ■ S[t'] from (i) of the above 

proposition. 

Remark 1.3.5 Let S(t') be the quotient field of S[t']. Then one can nat- 
urally extend the definition of TC to the algebra TC = TC ®s[v] S(t') = 
C[W] <g> S(i) by using Eq. © in place o/Eq. (@) 

Proposition 1.3.6 

(i) The center Z [TO) ofTL equals C[c]. 

(ii) T/ie center Z(TL) ofTL equals the W -invariant part S\t] w of S\i}. 

Outline of Proof.) (cf. [[§]) (i) Let Z denote the elements in TC 
which commutes with S[t']. By the above Proposition |1.3.4| (i), it follows 
that Zs[t'](TC) = S[t'). Then by (ii) of the proposition, one can see that 
Z{H) = S[t'} w = C[c]. The proof for (ii) is the same. □ 

Let us identify the group algebra C[P] with the Laurent polynomial 
ring C[zf, . . . , Zjj] by putting Zi = e €i G C[P). 

The following proposition gives another description of the algebra TC: 

Proposition 1.3.7 The algebra TC is the unital associative C-algebra such 
that 

TC = C[P] ® TC ® C[c] as a C-vector space, 
c G Z(H), 

w .f. w ~i = w (f) (weW,feC[P\), 

% f] = cdf(f) + £ aeftf • * a (C € t, / g C[P\) , 

where d^-e^ = fj^e^ G i, fj G P) and the natural inclusions C[P] 7i ; 
TC ^ TC and C[c] 7^ are algebra homomorphisms. 
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Proof, follows directly from Definition |1.3.1| and Proposition |1.3.4| . □ 



Let W-° C W be the subsemigroup generated by S{(i — 1, . . . , N) and 
7r. Define 

= c[w^°] ® s[t'] = c[P^°] ®rt® c[c], 

where P-° = ©£Li Z> ej. Then it is easy to see that H-° is the subalgebra 
of Tt by the above proposition. 

1.4 Intertwiners 

For an 7i- module V and C £ (t')*, define the weight space and the 
generalized weight space V^ gen with respect to the action of 5[t']: 

V c = {v eV\i-v = ((£)v for any £ G tf} 

V^ c gen = {«e7|(^- C(0) fc • « = for any f G tf, for some fc G N} . 



Let 



(Pi = i + s ia y G W (i G {0, . . . , N - 1} ^ Z/JVZ), 

</?7r = 7T G 7Y. 



Then 



¥>i ■ £ = «i(0 ■ <P» (7) 

Vtt • f = 7r(0 • ^r, (8) 

for £ G t' and i G Z/iVZ (Eq. (||) is nothing but the defining relation @). 



Proposition 1.4.1 0] T7ie above defined elements satisfy the following 
relations: 

tfii ■ (p i+1 ■ ifii = ip i+ i ■ ^ ■ (p i+1 (i G Z/iVZ), 
ifi ■ ifj = ifj ■ <fj (i — j 7^ ±1 mod N) , 
<p n -<Pi = ip i+1 -ip n (i g Z/iVZ), 
tf = l-af (ieZ/NZ). 

Proof. We only show <fi ■ <p i+ i ■ <fi = (p i+ i ■ <pi ■ ipi+i- The rest is easy. Note 
that ipi has its inverse in Ti. ^From Proposition |1.3.4] (i) , one can prove that 
H = S(t')-C[W] and Z S{V) {H) := {x e H \ [X,p] = for all p G S(t') } = 

5(f). Since (cpi ■ cp i+1 ■ <p t ) ■ (cp i+1 ■ cpi ■ y^+i) -1 G Z S{V) (H) by Eq. Q7|), it 
follows that 

(fi ■ cp i+1 ■ ipi =p - tpi+i ■ & ■ cp i+1 

for some p G 5(f). By comparing the coefficient of Sj-St+r^ = s i+i' s v s i+i 
of both sides, we get the desired equality. □ 
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Let 



for w = n k ■ ■• -Sj, G (reduced expression). These elements are 
well-defined by the Proposition |1.4.1] , and Eq. (|7|) reads as 

<Pv,-S = w(€)-<Pw (wew^ef). (9) 

Hence, we have 

Proposition 1.4.2 Let V be an H-module. Let ( E (t')* and w E W . 
Then ip w ■ v E V w (q for any v E V^. 

Here recall that the action of W on (t')* is the affine action (defined by 
Eq (0)). The element ip w is called the intertwiner (of weight spaces). 

Proposition 1.4.3 Let w E W. 

(i) 

<Pw = w ■ J| ft v + x ' fx, 

for some f x E S[t']. 
(ii) 



(p w -i-(p w = n (i 



V2 > 



Proof, (i) follows from the well-known fact S(w) = {sj, ■ ■ ■ Sj 2 (aj 1 



3l tJ J2V- t Ji/' 

} for w = ir k Sj 1 Sj 2 ■ ■ ■ Sj l (reduced expression), (ii) 
follows from the last relation of Proposition 1.4. 1| , □ 

Lemma 1.4.4 If w E W-°, then (p w E H-°. 



Representations 

In this section we study some important class of representations of Tt for 
the next section. 

2.1 Induced representations 

Recall that every irreducible representation of the degenerate affine Hecke 
algebra H can be obtained as the unique irreducible quotient of a standard 
module (see which is a representation induced from some parabolic 
subalgebra" of 7Y. Hence it is natural to start with investing such induced 
modules: 



DDAHA & CFT 



9 



Let us denote f3 h N if an ordered sequence f3 = (Ab . . . , f3 m ) of positive 
integers is a (ordered) partition of N, i.e., A = N. 

For a given /3 = (A, . . . , A) h N, let Ip = (if, if , . . . , lf ] ), 
where J< fc) = {£*~i A + 1, E?=i A + 2, . . . , £* =1 A}- Define ^ = 
jctij G .R | G I/3 k for some fcj, = R+ fl ^ and IT^ = IT fl Rp. 

Let W 7 ^ be the subgroup of W generated by s a (a G Tip). Then clearly 
Wp is a parabolic subgroup of W: 

Wp^Wp 1 x---x Wp r (Wp j = e Pj ). (io) 

Define subalgebras 

Hp = S[t'} <g> C[Wp] cH, Hp = S\t] <g> C[W^j] C W. (11) 

We call Hp (resp. 7^) the parabolic subalgebra of H (resp. of H) associ- 
ated with h N. Clearly Hp = Hp <g> C[c]. 
Let 

(0; = {CG(t'riC(a) = -lforaen4c(t'r ) (12) 
t; = {C G t* I C(a) = -1 for a G fl^} C t*. (13) 

Then an element £ G (t')£ (resp. C £ t*p) defines a well-defined one- 
dimensional representation Cl^ of Hp (resp. of Hp): 

w • 1^ = 1{ for all w G W 7 ^, 

e-l c = C(0k foralHGt' (resp. £ G t). 



Definition 2.1.1 Define the induced representation yp{() ofH andyp(() 
of H by 

3MC) = H 2m, Cl c , ^(C) = H Cl c . 
T/ie cyc/zc vectors 1 <g> 1^ w// fre denoted by 1q. 

Clearly, 

3^(0 ^ qW/Wp] as ^-module, ^(C) = C[W^/W>] as IV-module. 
Let C be the image of ( G (t')£ by the projection (t')*p — > t£. Then, 

3MC) = w(«) ®^ 5MC) = c[P] ® ^(C), 

where H(k) = Hj (c — k id) and k = C( c )- 
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2.2 Basis 

Define the following subsets of W for (3\- N: 

W 13 = \w G W | l(w ■ u) > l(w) for any u G Wp\ , 
W 13 = W p n W. 

The following well-known proposition will be frequently used in the rest 
of this section. 

Proposition 2.2.1 

(i) w p = {w G W | S(w) c R + \R/3,+} and W l3 = {weW \ S(w) c R+\Rf3 

(ii) For any w G W (resp. W), there exist a unique w\ G W^(resp. 
W@) and a unique u G Wp, such that w = W\ ■ u. Their length satisfy 
l{w) = l(wi) + l{u). In particular, the set W 13 (resp. W@) gives a com- 
plete representatives in the coset W/Wp (resp. W/W 13 ). 

Hence the space 3^/3 (C) has a basis • 1^ | w G with the partial 
ordering ^ among them induced from the Bruhat ordering. 
Let us give more precise description of this basis: 

Definition and Proposition 2.2.2 Fori] G P, define j v as the element 
of W with shortest length possible such that 7,7(77) G P_. Then, S{^f^) = 
la G R + I (77, a) > 0| . 



Example 2.2.3 Lei r] = ae 1 + b(e 2 + e 3 ) + c(e 4 + e 5 + e 6 ) + b(e 7 + e 8 + e 9 ) 

'l23456789\ 
912678345]' 



with b < c < a. Then 7^ 



Lemma 2.2.4 

(i) For the partition (N) (the partition such that Lm = {1,2,..., N}), 

wW = {t v -^\ v eP}. 

(ii) For a general partition (3 h N, 

W P = W (N) . ^/3_ 

Moreover, l(w) = l(t v ■ 7" 1 ) + l(x) for w = t v ■ 7" 1 • x (77 G P, x G W^ 3 ). 



Proof, follows from Proposition |2 . 2 . 1] and Definition and Proposition p. 2. 2 
□ 
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2.3 Representatives in double coset 

In this subsection we want to give a description of the double coset 
W\W/Wp, which is related to the decomposition of 3^(0 a direct 
sum of 7i-modules. In this subsection (3 h N is fixed. 

Let P_ = {77 G P \ (77, a) < for any a G R + \ and Pp- = 

yr) G P | (77, a) < for any a G Pg,+j- 

It is not difficult to see the following lemma: 

Lemma 2.3.1 The set Pp- gives complete representatives in the double 
coset W\W/Wp. 

For later purposes, let us give another description of the representatives 
in the double coset: 

Definition 2.3.2 For each w G W 13 , define the element rj w G P_ by the 

following conditions: 

<*..«) =0, (*.,<*) = ( f^f + ^ +) e = i.-.*-i>- 



Set 



P-(w) = {n + vwlv £ P-} c 

• 117 | 117 6 w\ 7] g P-H}. 

Note that ~/ v = 1 for 77 G P_ and thus C ly' 3 by Lemma |2.2.4[ 

Lemma 2.3.3 P_(io) = {f|G?_ (77, a)<0/or«G U7(P + \P /3i+ ) n 

Proof. It is easy to see that the right hand side is included in P_(iy). To 
prove the opposite inclusion, we suppose that 77 G P~(w) and (77, a^-) = 
(z < j) and will show that ^ w(R + \Rp t+ ) R P + . Since 77 G P_, it 
follows that (r),acij) = implies (77, a^) = 0, and thus ^ w(R + \Rp t+ ) 
for z < < j. Now ^ w(R + \Rp^ + ) DR + follows using R + = w(Rp^ + ) U 
w{R + \Rp >+ ) n P+) U st^- 1 ). 



Definition 2.3.4 Lei 77 G Pg _. VFe de/me 

r/_ : the unique element of P- PI {1^(77) | if G II 7 }, 
u)^ : i/ie unique longest element in W such that ^(77) = r]_, 
: the unique shortest element in u^Wp. 

The following lemma is easy to see. 

Lemma 2.3.5 Let 77 G Pp- and let w G W be such that 10(77) = V- 
Suppose that Si G Wp and l(wsi) < l(w). Then Si(r)) = 77. 
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Lemma 2.3.6 Fori] G Pp,-, we have 

(i) 7?_ G P-K). 

(ii) 0^(77) = 

(iii) Wt n Wp = Wt n _u v W p . 

Proof. Put uj = u v . To prove (i), we shall show (t?_ — 77^,0^) < for 
i = 1, . . . ,N — 1. This holds obviously if (?7_, a») < or (77^, a*) = 0. We 
suppose that 

ctj) = and on G u;(.R + ), 

and we shall show a* G ui(Rp j+ ). Note that this implies (77-, a*) = =>- 
(^j^i) = and thus completes the proof of 7/_ G P_(u;). Write = 
where a) = u v and z G Wp. Since (?7_,a;j) = we have s^uirf) = 
Si (77—) = ?7-- Hence l(si£j) < l(uj), and this is equivalent to cD -1 ^) G P_. 
Combining with atj G u;(P + ), we have G P+ fl -2 _1 (P_), which is 

a subset of Rp,+ as 2 G Wp. 

Let us prove (ii). Since u)(rj) = u)z(r)), it is enough to prove z{rf) = 77. If 
z — s ii s i 2 ' ' ' s i P is a reduced expression of z, then we have s^, s i2 , . . . , s ip G 
Wp and Z(u>) > /((Ds^) > /(tDs^s^) > ■ • ■ > /(ws^ • ■ ■ s$ ) = l(uz). Now 
the statement follows from Lemma |2.3.5 . 



The statement (iii) is a direct consequence of (ii). □ 

Proposition 2.3.7 The set X 13 <Z W gives complete representatives in 
the double coset W\W/Wp. 

Proof. By Lemma [2.3.6| , we can define the map / : Pp- — > X 13 by f(j]) = 
t v _u v (77 G Pp,-)- We define the map g : X? -> P by = w^iri) 

(w G W //3 , 77 G P-(w)). Let a G i2/3,+. Then u>(a) G P+ by Proposition 
p.2.1[ -(i). Therefore (u^ 1 ^), a) = (77,10(0:)) < and thus g{t v w) G P/3,-. 
Namely the image of g is included in Pp-- By Lemma p. 3. 6 - 



11), we 



have g o f = idp . Let us check / o g = id X (3- For t^w G X 13 , put 
77 = W7 _1 (77') G P/3,-. Then / o g(t v >w) = t v _u> v . It is easy to see 77' = r/_. 
We will show u> = uj, q . Since 77' G P-(w), it can be shown using Lemma 



2X3| that 

S(w) = {ae R+\Rp,+ I (r/, a) > 0}. 
Similarly, by r/_ = 77' G P-{uj v ), we have 

SH) = {a G P+ \ P A+ I (77, a) > 0} = 5H. (14) 



Thus we have w = u;^ as required. Now the statement follows from Lemma 
2.3. 1| and Lemma |2.3.6| -(iii). □ 
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Remark 2.3.8 Let r\ G Pp,-- The formula flH| ) implies that u v is also 
characterized as the longest element such that 

u v G W 13 and 0^(77) = 7?_. (15) 

Definition 2.3.9 For w G W , define f3(w) as an ordered partition of N 
such that 

TLp( w ) = nn«)(4 + ). 

Set 

Wp( w ) = (s a | a g n^j), 
W^] = {tieW 7 muW^ = wWp}. 

The proof of the following lemma is elementary. 

Lemma 2.3.10 (i) For w G W", the followings are equivalent: 

(a) Si w <£ W p . (b) Si G Wp (w) . (c) Si G W [w] . 

(ii) Let x = t v w G (77 G P-(w), w G J^ 3 ). T/ien 

% = ^n%], 

where W v = {u <E W \ 10(77) = 77}. 
Proposition 2.3.11 For x G X 13 , we have 

W[x] = Wf3( x) . 

Proof. Let x = t v w G X 13 (77 G P_(iu), u> G H^ 3 ). It is obvious that 
W/3(a0 ^[x]- We wn ^ prove ii G W 7 ^] w G W^a;) by the induction on 
Z(w). The case /(«) = 1 has been proved in Lemma [2.3.10| -(i). Let l(u) > 1. 



It is enough to show that there exists Si G W[ x ] such that SiU G W[ x \ and 
l(u) = l(siu) + 1. Because W v is generated by the simple refrections Si 
such that (77, = 0, we can find s$ G H 7 ^ such that l{u) = l(siu) + 1. We 
will show Si G Wm, or equivalently, v := SiU G W^]. 

If SiX £ W 13 , then Sj G Ifu by Lemma p.3.10[ -(i). Suppose s^a; G W 3 . 
Then, noting 

R + = w(R p>+ ) U (w{R+ \ Rp >+ ) n i?+) U ^(wr 1 ), (16) 

we have Sj G ^(w -1 ). It follows from w = SjW G W^] C that 
S(w~ 1 ) C S'(w _1 f _1 Sj) and in particular, _1 Sj(a;i) = — u> -1 ?; -1 (ctj) G 
Hence t> _1 (aj) ^ S^-u; -1 ). Since (77, t> _1 (aj)) = (v(r)),ai) = 0, we 
have v~ l (a>i) G w(Rp^ + ) (by using ( |Ifi| ) again). Hence wW^ = uwWp = 
SiVwWp = vs v -\i (Xi \wWf3 = vwWp. Therefore v G W[ x ] by Lemma [2.3. 1Q - 



(ii). □ 
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Corollary 2.3.12 Let x G X p . We have W^x C I^ 3 . Moreover, tfie 
map 

given by w ^ wx (w G W^w) zs bijective. 

2.4 Structure in generic 

In this section f3 h N is still fixed. 

Definition 2.4.1 ^4 weight ( G (fH (resp. to) zs sazd to be ^-generic if 
(C, a) & {1, 0, -1} /or any a G U tue ^S'(w) (resp. a G U toe ^S , (u;)). 



Remark 2.4.2 A weight ( G (t')« (resp. t%) is (3-generic if and only if 
(C,Qt) £ {1,0,-1} /or any a G R + \Rp t+ (resp. R + \Rp :+ ). 



Proposition 2.4.3 J/ £ G (t')£ (resp. ft) zs (3-generic, then yp(Q ( 
resp. yp(C)) is an irreducible H-module ( resp. H-module) with a basis 
(<p w ■ l c | w G W^} (resp. ■ 1 ? | w G I^ 73 }). 



Proo/. Let ( G By Proposition |1.4.3| (i) and Proposition |2.2.1| (ii), 

each vector ip w ■ 1^ has the form of ip w l^ = c ■ wl^ + J2v-<w c v vl^ for some 
c ^ and c v G C. Hence the elements {(p w ■ 1^ | w G form a basis of 



D^a(C)- Moreover, by Proposition |1.4.3| (ii), each <p w (w G W 13 ) is invertible 



on the vector 1^. The proof of the statement about D^g(C) is the same. □ 

Any weight C G (t')* defines a character [C] : S[t'] w = S\i] w ®C[c] -> C 
via the evaluation at (. It is regarded as an element of (t')*/W. (Recall 
that S\i} w is the center of H.) 

Proposition 2.4.4 Suppose that £ G (t')% (resp. t%) is /3-generic and 
(£,6) ^ 0. Then 

(i) The map W — > (t')* (resp W — > t*) given by w ^ w(() is injective. 

(ii) TTie map X' 3 — > (t')*/W given by x i— > [x(C)] is injective. 

Proof. The /3-genericity of £ G (t')« implies that (£, a) 7^ for any cr £ fl. 
^From this, the statements follow easily. □ 

Lemma 2.4.5 Let ( G (t')s- Let w G and ojj G IT^^). Tnen Si ■ <p w ■ 
lc — V^to ' lc / or ^ e c ?/ c ^c vector 1^ G 3^(C)c- 
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Proof. Since SiW = ws w -ii ai ) an d w 1 (a i ) G -R/3,+, we have /(lus^-i^)) = 
l(siiu) = l(w) + 1. By Proposition |2.2.1[ -(ii), we have l(ws w -i( ai )) = l(w) + 
i(s«-i(ai))- Hence ^-^-lc = = <A^-i K) ' *C = ^^viw'^' 

Noting ( ctj) = —1 and s^-i^lf = 1(, we have 

(1 - Si)(p w lt; = (fii ■ ip w lQ = <fw ■ ^-i( a .) 1 C = ■ (1 — Sw-Hai))^ = 

as required. □ 
Theorem 2.4.6 Suppose that ( G (t^)* is (3-generic and ((, S) ^ 0. T/ien 

3MC) = n ■ ip x i c . (17) 

xext 3 

Moreover, each H ■ (f x l^ is isomorphic to yf3( x )(%(()) an d irreducible as 
an H-module. 

Proof. First we will prove the latter part. It is easy to check that x(Q G 
ip/ x ) an d it is /5(x)-generic. Hence y/3( x )(x(()) is irreducible. By Lemma 
2.4.5| , there exists a surjective 7Y-homomorphism 

such that lj.^ I— > <^zlc- This is bijective since y/3( x )(x(()) is irreducible. 

It follows from Proposition |2.4.3| and Proposition |2.4.4| -(i) that 
H<p x l ( = ® W (zy/i3(x) l Cif wx \^. Now the statement follows from Corollary 
gXTg and Proposition gX3[ □ 

For an 7i-module V, define its PF-invariant part by V w — {v G V \ 
wv = v for all w G W}. Then S^t'] 1 ^ acts on V w . For a character x : 
S[f]W ^ c, we set 

Vf = {v G V W | p • f = for all p G 5(1']}. 

By Proposition |2.4.4{ -(ii) and Theorem [2.4. 6| , we have 
Corollary 2.4.7 Suppose that ( G (t')*g is (3-generic and ((, 5) ^ 0. Then 



*(01 



Moreover, for each x G we have 3^(C)[T(0] = ^^^^C 7^ ®> w h ere 
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2.5 Unique irreducible quotients 
Lemma 2.5.1 Let (3 \- N and ( G (t%. Then, 

and dim ^(C)^ = ${weW> 3 \ w(() = C'} if it is finite. 

Proof. Use the fact from Proposition |1.3.4j (i), that for any ( 6 t' and 

w G W 13 , £ ■ wl^ = w(()(£,)wl( + Y^v^vi d v v for some d v G C □ 

Proposition 2.5.2 Let (3 \- N and ( G Suppose that dim 3^(C)c = 

1. Then the Ti-module 3^(C) has an unique irreducible quotient £g(C)- 

Proof. Let M be a proper submodule of 3^(0- Then M admits the (gen- 
eralized) weight decomposition, thus M C 3^/3 (Of™ since the vector 

1^ is a cyclic vector and if M^ cn 7^ {0}, then 7^ {0}. Hence the sum of 
the all proper submodules is the maximal proper submodule of 3^(0- ^ 

Proposition 2.5.3 Let (3 = (ft, . . . , (3 m ) h JV and ( G (t%. Sei fc a = 
X)"=i A + 1 (a = 1, . . . , m). Suppose that the following conditions hold: 

(C,5)^Q<o, 

(C,rS + a kakb ) <£ Z< for any 1 < a < b < m, rG Z> , (18) 
(C, r5 - a kakb ) Z< for any 1 < a < b < m, rG Z >0 . 

Then w(Q 7^ C f or an V w \ {!}> where 1 denotes the unit element 

of W . In particular 3 / '/3(C)f m — Clf . 

Proof. (Step 1) First we prove that u>(C) 7^ C 101 an y w £ W^\{1}. 
Suppose that w(() = ( for u> G H 7 ' 3 \ {1}. Let p be the smallest number 
such that w(p) 7^ p, and let k a < p < k a+1 . Then w^ 1 (p) = k b > p(> k a ) 
for some b since w G W^ 3 . But then = (£ — «?(£), e p ) = (£, a pw -i(p)) = 
+ (C,afca,fcJ- This implies (C, a feaifc J = (C, a fca)P ) G Z< . This 
contradicts the condition ([18]). 

(Step 2) Let a; G W 13 . By Lemma [2.2.4| , we can write x = t v ■ 7" 1 ■ w = 
7" 1 ■ ty v ^ ■ w (rj E P, w <E W 13 ). Suppose that x(() = £. By (Step 1), 
it is sufficent to prove 77 = 0. Suppose 77 7^ 0. Putting e = 2^ e^, we 
have (C,e) = (x((),e) = (t Jviv) w((),e) = (C, e) + (C, 8)(j v (v), e),_and thus 
(7^(77), e) = 0. This implies r := — (7^(77), ei) G Z >0 as 7,7(77) G P_. Since 

tjv(v) w (0 = 7r,(0, we have 

= (t^( v )w(0 - 7r?(C), ei) = Kfa), e i)(C, S) + ((, «„-i (1)i7 -i (1) ). 

(19) 
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Note that w 1 (1) = k a for some a. Write r y r] = p and let kt < p < k b+ i. 
Then ([19]) leads = —((,r5 — ctk a , P ) and thus 

(C, r8 - a kaM ) = (C, a kbtP ) G Z< . (20) 

It is easy to see that (|20|) never occurs under the condition ([18]). □ 
As a consequence of the results above, we have 

Corollary 2.5.4 Let f3\- N . Suppose that ( G (t')^j satisfies the condition 
(|T8|) . Then the TL-module 3^(C) has a unique irreducible quotient Cp(C)- 



AfRne Lie algebras and classical r-matrices 

We introduce some notations and basic facts on affine Lie algebras, which 
will be used in the next section. 

3.1 AfRne Lie algebra of type A^_ x 

Let g be the Lie algebra sl m (C) and g = g © C[t, t^ 1 ] © Cc s © Cd B be the 
affine Lie algebra sl m (C) associated with g with the commutation relations 

[X®f,Y®g] = iX,Y]®fg + (X®f,Y®g) s c s , 
[d s ,X®f]=X®tf v c s eZ(g) 

for 1,7 6 g and /, g G C[t,t _1 ], where the invariant bilinear form ( , ) 
is defined by 

(X ® /, Y ® = tr(XY) Res t=0 ff t dt, 

(X®f,c s ) s = (X®f,d B ) s = 0, (21) 

(Cg, (ig) g = 1, (Cg, Cg) g = (rfg, rf )g = 0. 

A Cartan subalgebra h of is given by f) = rj © Cc © C(i , where f) is a 
Carten subalgebra of g. Its dual space is denoted by f)* = rj* © Cc* © O , 
where c* and <5 9 denote the dual of d s and c respectively: c*(x) = 
(<i ,a;) , S g (x) = (c ,x) for any x G f). We write the root system and 
the set of positive roots of g by i? and i? 0+ respectively. Then we have 
the root space decomposition g = f) ffi(ffi 7 e,Rg 7 )- We choose the set 
{.E 7 G g 7 I 7 G -R } of root vectors such that (E y , £?_ 7 ) = 1 for each 
7 e i?g + , and put n± = © 7Gj r 6 + 0± 7 = © 7 efi B - + C£ ±7 . Let {i^K^i 1 be an 
orthonormal basis of f). 
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The classical r-matrix of g is defined by 

j m— 1 

f = - Y, H a ®H a + E i ® E -i e S ® 0- ( 22 ) 

a=l 76^8+ 

Choose a set {70, . . . , 7m-i} of simple roots of g, then the Weyl group 
W g of g is generated by the simple reflections a a corresponding to j a 
(a = 1, ...,ra — 1). We put pg = \ Z) 7 ei? B+ 7> an d denote its dual by 

Pg e i). Put 

P = P + mc*, p = p g + md . 

We have a triangular decomposition g = n + © f) © n_ with tt-t = 
n ± ©(g © C[t ±1 ]t ±1 ). and put b± = n ± © f). Define the subalgebra g' of g, 
and its subalgebra f)' and b' ± by 

0' = [0,0] = g©C[t,r 1 ]©Cc s , f)' = {)©Cc , b' ± = n±©fj'. (23) 
3.2 The universal classical r-matrix 

We introduce the universal classical r matrix of g and some of its prop- 
erties, which are used in the next section. Let {Jk} k=l di m g be an or- 
thonormal basis of g. 

Definition 3.2.1 The universal classical r-matrix r of g is defined by 

j _ dimg 

r = f + -(c s ©d + d ©c g ) + ^ 5K J fc® r )®( J fe® r ")- (24) 

^ n>l fc=l 

For each X e g, we put 

6(X) = [r,X©l + l©X] (leg). (25) 

Although the r-matrix itself contains an infinite sum, 6(X) always belongs 
to g © g, and thus we have the map b : g — > g © g called the Lie bi-algebra 
structure of g. We let T be the transposition on g © g and w be the natural 
projection from g © g to C/(g): 

T(x©r) = r©x, ro(x©F)=xr (x,reg). (26) 

The following two lemmas play important roles in the next section and 
can be shown by direct calculations: 

Lemma 3.2.2 For X e g, we have 

Tb(X) = -b(X), (27) 
wb{X) = [p 8 ,X]. (28) 
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For a (possibly infinite) sum x = J2kX k ®Yk (X k ,Y k G g), we set x ij2 = 
x <g) 1, ^2,3 = 1 <8> £ and xi j3 = A fe <g> 1 <g> 

Lemma 3.2.3 T/ie classical Yang-Baxter equation holds: 

[r\2, r 2)3 ] + [ri, 3 , r 2)3 ] + [ri, 2 , r lj3 ] = O.D (29) 

3.3 Representations of g 

Recall the category O of left g-modules: its object set (which will be 
denoted also by O) consists of left g-modules which are finitely gener- 
ated over g, n + -locally finite, and f)-diagonalizable with finite dimensional 
weight spaces. We also define the lowest version 0t of O: its objects 
are finitely generated over g, n_-locally finite, and {)-diagonalizable with 
finite dimensional weight spaces. For a weight A G f)*, let M(A) de- 
note the highest- weight Verma module with highest- weight A, and M*(A) 
the lowest-weight Verma module with lowest-weight —A. Their irre- 
ducible quotients are denoted by L(X) and L^(X) respectively. Apparently 
M(A),L(A) G C and Mt(A),Lt(A) G C f . 

For £ G C, a g-module is said to be of level £ if the center c g acts as 
the scalar £. In the following we fix a complex number £. Let 0(£) (resp. 
0^(£)) be the full subcategory of O (resp. O^) whose object set consists 
of level £ (resp. —£) objects in O (resp. O^). 

Put t)*(£) = {X G fj* | A(c fl ) = and let P s (£) (resp. P/(£)) be the 
subset of \f{£) consisting of integral (resp. dominant integral) weights. 
Note that L(X) and L\X) become integrable for A G P s + (£) and that 
P (£) is empty unless £ in an integer. 

We also introduce the evaluation module, which do not belong to O 
nor 0\ Let Vu = C m be the vector representation of g with natural 
basis {u a }™ =1 . It is convenient for later use to introduce notations e a G f)* 
(a — 1, ... ,m) denoting the weight of u a . Note that Yl™=i = 0. On the 
space C[z, z~ l ] ®V D , we define a g-module structure of level from the 
correspondence 

d 

X <g> fit) i-> f(z) <8>X, oIq i z— <g> id. 

We identify the space C[P] ® V® N with (C[^, z^ 1 ] <g> Vb), on which 
g acts diagonally. 

For a g (resp. g)-module V and a weight A G f)*(resp. f)*) let V\ denote 
the weight space of V of weight A. For A G the image of A under 

the projection f)* — > ()* is denoted by A and called the classical part of A. 



DDAHA & CFT 



20 



Construction of 7i-modules 



Throughout this paper we use the notation 

M/a = M/aM, 



(30) 



for a Lie algebra a and an a-module M. For A G 0(£) and P G we 
put 

^,5) = (AoCtP]®^®^®^)/^, (31) 

where g' acts diagonally on the numerator. We will define an action of the 
degenerate double affine Hecke algebra Ti on the space J 7 (A, B) using the 
expression Ti = C[W] (g> S[t'] (see Proposition |1.3.7|). 



4.1 KZ connections 

We first define an action of W = W X P as follows; define the action of W 
on A® C[P] <8>V^ N ®B by r = id A <S> T\ ® r 2 <g> id B , where t x denote the 
action on C[P] and 

r 2 (w) (v t ® • • • <g) Uat) = u w (i) ® • • • ® v w ( N ) , (32) 

for w G and Ui,...,ujv G V a . Let the elements of C[P] act on 
A (g> C[P] <S> V® N <S> B by usual multiplication. Apparently this action de- 
fines an action of W on J 7 (A, B). 

To define an action of S[t'], we introduce the KZ-connections in terms 
of the universal classical r-matrix of g. Since they do not preserve J 7 {A, B) 
or A (gi C[P] ® Vj^f ^ ® P, we need to consider localizations of these spaces 
once. Consider the manifold 

X := {C*) N \ { (zi, ...,z N )e {C*) N | Zi = Zj for some i ^ j }. (33) 

Let TZ be the sheaf of holomorphic functions on X and let 7Z{U) is 
the ring of holomorphic functions on an open submanifold U of X. 
We regard C[P] ® Vg N _aa a subspace of K(X)®Vg N . The diagonal 
action of g on A®C[P] ® VJf (g)P extends naturally to the one on 
A®K(X)®V^ N ®B. 

Fix a pair of g-modules A, B such that A G C(£), P G O f (£). For 
i G {0, . . . , N + 1}, let Bi : g -> g®^ 2 ) be the embedding to the (i + 1)- 
th component. Then 9i induces the map g — > End c(^4 <g> C[P] ® V n ® P) 
and is extended to the map g — > End c(^4 ® "P(X) ® VJf ^ (g> P), which are 
denoted by the same symbol 6^. We set 9y = 6i® 9j and put 



r(oi) = 9 Q i(r), r(ijv+i) = 9 iN+1 (r) (1 < i < N), (34) 
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which are well-defined operators on A (g> 7Z(X) ® ® B. On the other 
hand, for i,j G {1, . . . , N} with i < j, we have formally 

MO = %(r) + £(V^rM fi )> (35) 

n>l 

where Q = f + T(f). These operators converge simultaneously only on the 
region X = { (zi, . . . , Zjy) E X \ \zi\ < \z 2 \ < ■ ■ ■ < \z N \ } of X to the 
elements 

r W) = %(f) + _^L_fy(n). (36) 

of End c (v4 <g> 7^(X ) ® ^ <g> B). We extend r (ij ) holomorphically to an 
element in End c (^4 <g> TZ(X) ®V^ N ®B). Then Lemma |3^ implies the 
following: 

Lemma 4.1.1 The family of operators {r^j)}o<i<j<N+i satisfies the clas- 
sical Yang Baxter equations: 

[r(ij), r( jk )) + [r(jfc), r (jfc) ] + [r {ij) , r (ifc )] = (0 < z < j < A; < iV + 1). (37) 

Definition 4.1.2 VFe define the KZ-connection V« (i = 1, . . . ,N) as an 

element of End (A <g> 7£(X) <g> V n ® ^ <g> 5) g-iuen by 

o<i<« i<i<iv+i 
The following proposition follows from direct calculations using Lemma 

Proposition 4.1.3 The followmgs hold in End (A® Tl(X) ®V® N ® B) : 



[Vi,Vj) = {l<i,j<N), (39) 

r(«;)V i r(«;- 1 ) = V tt (i) G W"), (40) 

[W i J} = (£ + m)d i f (fen(x)). (41) 

Proposition 4.1.4 Put 9 = Eilo 1 ^- Then we have 

\y i ,e(x)] = {e^e i )(b{x)) (42) 



for each i = 1,...,N, and X G 0, where 6*j £g> 6^(&(X)) means 
9iw(b(X)). In particular, the KZ connections V$ preserve the subspace 
q'(A®K(X)®V® n ®B) : 

V^flXA®^)®^®"®^)) Cg'(A^(I)®vr®5). (43) 
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Proof. For X G g, it is obvious that [r(y), (0j + 9j)(X)] = 6ij(b(X)), and 
thus we have 

[v i5 eS 1 = Eo<i<i MW) - E^xiv+i OiAKx)) + Oifa, x] 

The second equality follows from (p7|) and (|28|). □ 



4.2 The Cherednik-Dunkl operator 

We generalize the Cherednik-Dunkl operators by combining with the KZ 
connections to the operators onA® 1Z(X) ® V^f N <E> 5, which turn out to 
act on J- (A, B). 

For each kgC and £ G t, the Cherednik-Dunkl operator = D^(k) G 
End c (ft(X)) is given by 

where p = | Eaefi+ « G t*. Note that preserves C[P]. 
Proposition 4.2.1 (Cherednik) The correspondence 



(45) 



C I — > K, 

£ ^£> c (£Gt), 
w I— > ri(w) (w G W 7 ), 

/ ->/x (fen(X)) 

defines an action ofTi on 1Z(X) and on C[P]. 

Let us generalize the Cherednik-Dunkl operators to our case. For ( G t, 
we set 

N 

V € = E e *(OVi (46) 
i=i 

and define the operator £> 5 = P € (k) G End (A <g> ft(X) <g> V^ N ® £) by 

^ := V, + E "(O 1 ^^ " P(0 " ^¥ogG, (47) 
where G = n ae ^(l - e - Q ) G C[P]. 
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Theorem 4.2.2 (i) The correspondence 



C ^ 


— > £ + m, 






-> X> e 


(£Gt), 


W ^ 


— > r(ty) 


(w e WO, 


/ > 




(/ e ^W) 



(4£ 



defines an action ofH on A®1Z(X) ®V§" N B. 

(ii) The subspaces A ® C[P] ® V® N ® B and g'(A <g> C[P] ® V® N <g> 5) 
are preserved by the above action. Therefore the correspondence fl48|) in- 
duces an action ofTC on the space T(A,B). 



Proof, (i) By Proposition 4.1.3 , the relations between the operators V^, 
w and / are same with the ones between {£ + m)d^, w and /. Therefore 
the statement is shown exactly as Proposition |4.2.1| . 

(ii) The fact that preserves A ® C[P] ® V§ >N ® B follows from direct 
calculations. The rest is straightforward from the definition of the action 



and Proposition 4.1.4. □ 



In the rest of this paper, we put k = I + m. It is easily checked that 
our construction is functorial in the following sense: for g-homomorphisms 
fi'.A^A' and f 2 :B^B' between g-modules, the induced maps 

fu ■ HA B) - T{A\ P), / 2 * : J 7 (A, B) - J 7 (A, B') (49) 

are both 7i-homomorphisms. Therefore we have the bifunctor from 0(£) x 
0\£) to the category of TC(k) -modules. 

Structure of 7Y-modules 

Our next aim is to study 7i-module structures of J 7 (A, B) for A e 0{£) 
and B e C^(£). For each fj, e !)*(•£), we can define the right exact functor 

P M (-)=P(M(/i),-) (50) 

from 0^(£) to the category of 7i-modules. We put 

M{\,ii)=J 7 ^M\\)), V(A,/i) = J 7 IX {L\\)), 

for each A,/i G !)*(•£). When A,/i 6 P + (£), the space V(A,/i) is related to 
the dual space of conformal blocks (see Proposition |5.1.3| and 0). 
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5.1 Fundamental properties 

In this subsection, we study some properties of the bifunctor JF, which will 
be used later. Let v(p) and t^(A) denote the highest (and lowest) weight 
vector of M(p) and M'(X) respectively. 

Lemma 5.1.1 For A G 0(£),B G 0*(£),\ G and p G f)*(£), the 

natural inclusions Cv(p) — > M(p) and Cv'(X) — > M'(X) induce isomor- 
phisms 

J : (M(p), B) = Cv(p)®C[P]®V® N ®B/b' + , (51) 
F{A,M\X)) = A®£[P]®V® N ®£v\X)/b'_. 

Proof. Follows from the following well-known jj-isomorphism for any g- 
module V: 

M(p) <8> V = U(g) <8> (Cv(fi)®V) (52) 

U(b+) 

and its lowest version, where on the left- hand- side of (|52|), g acts diagonally 
and on the right-hand-side by left multiplication. □ 

Again by fl5"2]), there is an isomorphism of vector spaces 
M(X, p) = Cv(ji) ®(C[P] ® Vg N )x-» ® Cv\X). 

Notice that the space on the right-hand-side is an 7-^-submodule of 
M(p,)®(C[P]®V^> N )®M^(X) with respect to the action fl4|). Hence 
we have 

Proposition 5.1.2 For X, p E we have 

M(X,p)^Cv(p)®(C[P]®V® N ) x _ fl ®Cv*(X) (53) 
as Ti-modules. 



Proposition 5.1.3 For A,// G P 8 + (£), the natural projection M(p) — > 
L(p) induces an TC -isomorphism 

^(Lt(A))-^(L(^),Lt(A)). (54) 

Proof. It is obvious that the induced map JF(M(/i), L'(X)) — > 
jF(L(/i), L^(X)) is surjective. To show the injectivity, recall that the 
maximal submodule of M(p) is generated by the singular vectors v a G 
M(/i) (JaOA1 (a = 0, . . . , m — 1) satisfying Xv a = for any X G n+, where 
o~ a ° P = o~ a (p + p g ) — p g . By elementary calculations, it can be checked 
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that, for any number n > 0, there exists a non-zero constant c n such 
that E™ a E™ v a = c n v a , where E 1 denotes the root vector corresponding 
to 7 E a R g . "Put V = C[P]®Vg N ®lS(\). It is enough to show that 
^(fl)^®^ C g(M(/i) (gi V) for each a = 0, ...,m, which is reduced to 
showing that 

v a ®u E g(M(p) V) (55) 

for any u E V. Since V is integrable and thus n + -locally finite, there exists 
a number n > such that u = 0, and we have 

c^ a ® u = w a ® E^ a E\u = E n _ la E™Vi ® u = mod g(M(/i) ® V), 

that implies (^). □ 



5.2 Isomorphisms to induced modules 

We shall describe the 7i-module structure of -M(A, /i), which will be shown 
to be isomorphic to an induced module yp(C) = W(/c) (gJ-Wg Cl^ (see § |2.1|) 
associated to an appropriate parameter (/3, C) determined by A,/i E 

Recall that e a E t)* (a — 1, ... , m) denotes the weight of the standard 
basis u a of V a - Let us associate an ordered partition /3 of N and an element 
C E (t')* to each pair X,fiE f)*. Assume that \,fiE f)*(f) satisfy X — p E 
wt (V® JV ). Then X — p — J2Zi Pae a for some & e Z>„ (a = 1, . . . , m) 
satisfying Ai = N. Thus we define an ordered partition (3\^ of iV by 

= (/?i,..., /5 m ). (56) 

Here, we allowed appearance of zeros as elements of an ordered partitions. 

We keep the assumption that A — p E wt(V® N ). Put \i a = (p,e a ) 
(a = 1, . . . , m) and consider the set 

Y\n = Y\,p ■= { (a,P) e ZxC I a = 1, . . . ,m; p = /i a +l,/i a +2, . . . ,// +/? a }, 

(57) 

which we represent just by Y below. A bijection T : Y — > {1, . . . , iV} is 
called a tableau on Y. We let T(A, /i) denote the set of tableaux on Y. 
Define T E T(X, p) by 

0-1 

T (a,p) = ^2Pk + p-p a - (58) 
fe=i 

Now, define (x,p £ t* and C A ,^ € (t')* by 



Ca,p = E (P- a ) e T (a,p) + ^(m 2 -iV)^e fc (59) 

(a,p)eY k=l 

Ca, m = (x,t + KC* (60) 
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For T G T(A,u), let % denote the inverse image of T G T(A,u) under 
the isomorphism 

w - r(A,£) 

w i-> wT : (a,p) i-> w(T (a,p)). 

Note that 

1 N 

^t(Ca,p) = S (P- a ) e T(a, P ) + — (rn 2 -N)J2^k- (61) 
(a,p)ey fc=i 

The following lemma can be checked easily. 

Lemma 5.2.1 If A — p, G wt(Vp" N ), then (\^ (resp. Cxa) belongs to 
(t')/j A {resp. i*p x ) (see (^) f or the definition of (t')*p ). 

Let m(u) and m*(A) be the highest and lowest weight vector in M(/i) and 
M>(\) respectively, and put 

U\,n = V(fi) ® Ml ® ■ • • ® Mi ® M 2 ® ■ ■ • ®U 2 ® ■ ■ ■ <8> M m <8> ■ • • ® M m ® M^(A). 

(62) 

By direct calculations, we have the following lemma. 

Lemma 5.2.2 For A,u G ff(f) such that A - j2 G wt^®^), tfie vector 
ma iA4 a weight vector with the weight £\ lAt : 

ffWA,^ = Ca, m (O m a iA1 /or £ G t. (63) 

By Proposition |5.1.2| and Lemma |5.2.2| , we get the following conclusion: 

Proposition 5.2.3 For any A,/i G f)*(^), we have a unique H-module 
isomorphism 

I (J otherwise, 
which sends to . 

5.3 Finite analogue of the functor T 

It is possible to construct the "finite version" of our functor J 7 , which is 
easier to study and has some suggestive properties. Consider the category 
O (resp. O*) of highest (resp. lowest) weight g-modules. For g-modules 
A G 6 and B G 0\ we put 

f(A, B) := [A ®V® N ®B)/ g. (65) 
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and consider the operator 

A := £ (Ojiir) + ^-)- E kAr)+^-)+UPe)- (66) 

It can be shown that t>i acts on T(A, B) and the correspondence 

ef ^£>i i = .., -/V, / g7 ^ 

w i— > r 2 (u7) u> G W 

defines an action of W on £?). For each \i G I)*, we define a functor 
from the category O* to the category of finite dimensional 7^-modules by 

T-^-)=F{M{ft),-), (68) 

and put ^(Mt(A)) = Ait(A,/2), ^(I f (A)) = V(A,/i), where M(A) de- 
notes the highest weight left Verma module of q with highest weight A G f)* 
etc. As an analogue of Proposition |5.1.3l we have V(A, ft) = F(L(ft),L^(X)) 
if X,ft G f)* are both dominant integral. An analogue of Proposition |5.2.3| 
also holds: 

Proposition 5.3.1 For any A, ft G fj*, we nave £/ie following Ti-module 
isomorphism: 

^H?^ lt;L, ewt(v,r) ' w 

where P\,p, an d Cx,a are defined by the similar formulas as fl56|) and (]59[) 
respective/?/. 

Under finite situations, standard arguments using the infinitesimal 
characters deduce the following: 

Proposition 5.3.2 Suppose that ft G i)* satisfies 

(ft + Pg, 7) £ {-1, -2, • • •} for all 7 G -R +, 

i/ien i7ie functor is exact. 

Now, let us suppose that A, ft are both dominant integral. Then L(A) 
is finite dimensional and the dimension of ^(L(A)) is calculated using 
Shur-Weyl reciprocity law and turns out to equal the number of standard 
tableaux on the skew Young diagram Y\ ^. A tableau T G T(A, //) on 3^ „ 
is called a standard tableau if T satisfies the following two conditions: 

T(a,p) < T(a,p+1) if (a,p), (a,p+ 1) G K^, 
r(o,p) < T(a + l,p) if (a,p), (a + l,p) G 3^ A . 
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Let T S (X, /i) denote the set of standard tableaux on Y Xfi (then 
dimV(A,/i) = Note that w T G W^" for T e T,(A,/i). The 

following proposition can be proved by using Proposition 1.4.3; and Propo- 



sition 2.5.3 



Proposition 5.3.3 LetX,fi e f)* 6e 6oi/i dominant integral. ThenV(X,fi) 
is the unique irreducible quotient of Ai{\, ft) . Moreover, its basis is given 
by {{p WT l£- _ }t6T s (a,/i) ■ I n particular S[t) acts semisimply on V(A,/i). 

5.4 Dominant integral case 



As a consequence of Proposition [5.2.3| , we have that the 7i-module M. (A, /i) 



is irreducible if Ca,^ is /5A, M -generic (Definition |2.4.1| ) 



Let us consider the case where A and fi are both dominant integral. 
The following statement is a corollary of Corollary |2.5.4| : 



Corollary 5.4.1 If fi E P s + (£), then Ai(X, fi) has a unique irreducible 
quotient. 

Proof. It can be checked that the condition /i e P s + (£) implies the condi- 
tion (H) in Corollary |2lT4l for ( x ^. D 



Conjecture 5.4.2 Let A,/i e f)*(^) fre both dominant integral. Then 
V(A,/i) is the unique irreducible quotient of A4(X, /i) . Moreover S [t'] acts 
semisimply on V(A,/i). 



Symmetric part 

In the rest of this paper we focus on the iy-invariant part of V(A,/i) for 
A, n G P s + (£) and attempt to give a description corresponding to Corollary 

6.1 Specialized characters 

As an approach to investigate the H-modules, we consider their characters 
with respect to the operator 

To this end, we introduce "the polynomial part" of TL and J-'^(B) (see 
§0). Put 

Ff{B) = £v{ii)®£[P^]®V® N ®B/b' + . (71) 
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Then T^°(B) has the Ti-°- module structure. For a vector space M with 
a semisimple action of L\ with a finite dimensional eigen space decompo- 
sition, we put 

ch M = Trace M g Ll (72) 

and call chM the specialized character of M, where q is a parameter. It 
is easily checked that ch JF^°(I?) is well-defined for any B 6 0^(£). Put 
A^^(A,/i) =^°(Mt(A)) and V^°(A, /,) = ^|°(Lt(A)). 
The same argument as Lemma |5.1.2| shows that 



M^(\,fi) = Cv(v)®{<C[P- ] 
as an 7i-module. On the right-hand-side, we have 



V® N ) x .,®Cv\\), 



L x = A x - A; 



v 



(73) 



where A^ = 2 (i+ m ) ((^, ^) + 2(p g , A)). /,From ([73]), the specialized char- 
acters of A4-°(A,/i) and A^-°(A,/i) 14/ are calculated as 

ch M^°{\,fi) = 











N 


At— An 

q A M 




(<2)iV 



respectively, where (g)jv = (1 
/ N \ _ N\ 



N 



and 



(?) 



N 



It is natural to attempt to construct a resolution of V(A, fi) by induced 
modules to calculate the character for V(A, fi). Recall the BGG resolution 
for L^(X), which is the exact sequence 



<- L f (A) «- M f (A) «- C x < <- 

of g-modules with 



(74) 



where Wg® is the subset of the Weyl group of g consisting of elements of 
length i. Sending by the functor JF M (resp. J 7 ^ ), we have the complex of 
H (resp. 7i-°)-modules respectively: 



0^ V(\,n) «- 7W(A,/i) <-& 
V* ) (A,ai)«-^ (A,aO<-C x - <- 



(75) 
(76) 
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where we put «M-°(A,/f) = JF^°(Mt(A)) and V^°(A,/i) = ^°(Lt(A)). 
Note that each C, or is a direct sum of induced modules: 

C l= © M(woA,/i), Cf°= © ^"(woA./i). (77) 

Therefore if the sequence ([TJjp is exact, we can calculate the character of 
V-°(A, fj). It can be shown the above sequences are exact when k is large 
enough, but in general case it is still conjecture: 



Conjecture 6.1.1 The sequences (75) and (76) are exact. 



Note that the above conjecture leads to the formula 
chV^°(A,/i)^= ]T (_i)K-) g (-oA) ( d B ) 



N 



q A- x -Ap 



(78) 



6.2 Main conjecture 



In the following we fix a pair (A,//) € -P + (^) X -P g + W satisfying A — /2 G 
wt (V^f JV ). Recall that we associated a partition (3\^ of iV such that 
A — Jjl — Y^=i Pa^a, and a diagram 

*a >/U = {(a,p) G Z x C | a = 1, . . . ,m; p = /x a + l,/x a + 2 . . . ,/i a + (3 a ) . 

(79) 

where \i a = (fi a , e$). As in § [5.3| , let T(A, //) (resp. T s (\, fj,)) denote the set 
of tableaux (resp standard tableaux) on7 = Va,^- 

For T G T(A,/i) and a number n < N, let = . . . , ffij 

denote the partition of n corresponding to the diagram — {{ a iP) £ 
Y\,» | T{a,p) < n}: namely, 4"2 = e Z + /i a \ {a,p) G 3^ n) }. Put 



a=i V m 

Then it is checked that Ay belongs to P s (£)- A standard tableau T G 
T s (\,/i) is said to be ^-restricted if all the weights Ay , Ay" 1 , Ay^ 
belong to P g + (£). We let T^\\ jx) denote the set of ^-restricted standard 
tableaux on Y. 

For T G T(A,/i), let w T G W 7 ^ be the corresponding element. Direct 
calculations imply the following lemma: 

Lemma 6.2.1 Let T G T s ^(X,fi). 
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(i) For i G {1, ...,N — 1}, let T(a,p) = i and T(a',p') = i + 1. Then we 
have 

-(« - 1) < (wt(Ca,/J, «i) < -2 if a > a', 

(wr(CA, M ),«i) =-1 if o = a', (80) 
1 < (w T (( x ,n), oa) < k - 2 if a < a'. 

(ii) For any a G -R+, we have 

{w T C x ^, a) < k - 2. (81) 
Recall that we associated rj w G P-{w) for each u> G in Definition |2.3.2 



Lemma 6.2.2 For each T G T s ^(X,fx), we have 

2V-1 

V WT = E d i ( T ) ( e Vi + ••• + £». (82) 



i=l 

i/ere 



1 if a < a' 
if a> a' 



with T(a,p) = i and T(a',p r ) — i + 1. 

Remark 6.2.3 TTte function di : T s ^(X,fj) -> N can 6e identified with 
the so-called H -function in the RSOS model {see @). 



Let d(T) = r? WT (ei + • • • + ejy) and define 



*U?) = E / (T) - (83) 



T€T a W (A,/*) 



By the above remark, the following holds by using standard arguments in 
the solvable lattice model (see 0,13): 



Theorem 6.2.4 

FxM = E (-i) !W ? MK) 



N 



J4) 



w£W 3 

Combining with Conjecture |6.1.1| , we have a simple formula 



chV^°(\,»f = F Xi ,(q).^-^. (85) 

k<1)n 



Set = {t v w T | T G T/)(A,/i), r? G P_(w T )} C X^. 
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Theorem 6.2.5 Let A,/i G P B + (£) and Q = j^/Ewew™ e C[W]. Then 
for each x G xf A,Al , i7ie element Q<p x ■ lf A non-zero. Moreover the set 
{Qf x ■ Ia^} eX P\,n is linearly independent: 



In particular, we have 



(<?) 



A' 



Proof. Take any x G X e Ktl . It is easy to see x(Ca,^) G tjWp 

Direct calculations using Lemma 3.2.1 and Lemma 6.2.2] implies that 



z(Ca,m) e %{x) is /5(x)-generic, (86) 

and (Ca,/x> «) 7^ 0, ±1 for any a G S'(x). In particular, 

yj x is invertible on lf A . (87) 

By Lemma [2.4.5| , we have Si(p x l^ x = <f x ^-Cx ^ or an a * e fi^). Thus we 
have an 7i-homomorphism 



^(,)(x(CA, M ))-^l a , M (88) 

defined via 1 77 — * 1— > w x ■ 1a . 

It follows from (|86| ) that JM^X^Ca,^)) is irreducible, and thus 

= ^Mc^- Therefore Q^Ia,,, 7^ 0. 
Next let us prove that {Q^Ia^} p Xill is linearly independent. 

Note that // G Pg{£) implies that /3a, m and £\ i(U satisfies the condition 
fll^D in Proposition |2.5.3| . Hence we have 



y^Ac^nz = C1 ^- ( 89 ) 

Combining with (0), it follows that 

the map X e A ' M — > (t')« given by x 1— > x(Ca,/J is injective. 

For any x G *f A '", it can be proved from Lemma |6.2.1| and Lemma |6.2.2j 
that 

(x((x,n), «i) < for any % = 1, . . . , N - 1. 
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Therefore 

the map xf A ' M — > (t')%/W given by x i— > [^(Ca,^)] is injective. 
Hence {Qv 9 ^ • 1ca m ), g^"*.*" * s nnear ^y independent. □ 



The specialized character formula (pq) and the above Theorem |6.2.5 
imply the following: 

Conjecture 6.2.6 For A,/i £ P + (£) ; we /love 

V(^,A)^= €Q^. WT -1^. (90) 
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